Given a parametrised weight function ~o(x, #) such that the quotients of its consecutive moments are M6bius maps, it is possible to express the underlying biorthogonal polynomials in a closed form [5] . In the present paper we address ourselves to two related issues. Firstly, we demonstrate that, subject to additional assumptions, every such ~o obeys (in x) a linear differential equation whose solution is a generalized hypergeometric function. Secondly, using a generalization of standard divided differences, we present a new explicit representation of the underlying biorthogonal polynomials.
Introduction
Let us consider a one-parametric family of weight functions w(x, #) >>. 0, x >/0, #_ </z < #+. We define a biorthogonal polynomial p, E P~ x (#_, #+ )~, p, 7~ O, by means of the orthogonality relations f ~Pn(X;#l,#2,...,/-t,)w(x,#t)dx=0, l=l,2,...,n, (1.1) where #1, ]~2,..., ~n are distinct. (Here -and elsewhere in this paper -Pn denotes the set of all nth degree polynomials.)
The theory of general biorthogonal polynomials has been described in detail in [4] and further developments have been reported in [5, 6] . It possesses several interesting applications, ranging from numerical methods for ordinary differential equations [3, 8] to approximation theory [10] to location of zeros of polynomial transformations and orthogonal expansions [5, 9, 11 ]. An exposition of biorthogonal functions and their applications features in Brezinski's monograph [1] . Herewith we revisit these elements of the theory that are germane to the work of the present paper.
(~) J.C. Baltzer AG, Science Publishers Biorthogonal polynomials exist and are unique (up to a nonzero multiplicative constant) if and only if ]A1,...,]A,E(]A_,]A+) and that this explicit form can be extended to all ]AI, ]A2,..., ]A, E R. 1 In other words, given an arbitrary n-tuple []A1, ]A2, ..., ]A,] E 1~ d we can produce a p, or, rephrasing again, we explicitly know a transformation Y-: P, --, P, such that ~-(" -]A,) = P,,('; ]A1, ]Az, 9 9 9 ] A,).
If, in addition, we know that w is SSC -hence that all zeros ofp, reside in (0, oo)we deduce that ~--maps polynomials with all their zeros in (]A_, ]A+) into polynomials with all their zeros in (0, c~) [5] .
To date, the most efficacious mechanism for the generation of an explicit form of p, has been presented in [5] , leading to a long list of interesting transformations of the form (1.2 We call weight functions that possess property (1.4) MObius quotient functions (MQF).
It has been proved in [5] that, as long as w is a M6bius quotient function, the transformation (1.2) assumes the form ( ,, k-1
and where f0,fl,... ,f~ are arbitrary. Several MQFs that share strict sign consistency have been presented in [5] , for example Wl (x, U) = x", w2(x, #) = #x and co3(x, #) = x I~ x E (0, 1). Moreover, the theme of [8] was the identification of all possible weight functions a(x) such that wj(x,#)a(x) is MQF and SSC for some j E {1,2,3}. The present paper takes yet another step toward our ultimate goal of identifying all MQFs. We commence our analysis in section 2 with the assumption that the coefficients a,, ~,, % and 6, are linear in n. This yields a linear ordinary differential equation with polynomial coefficients that must be satisfied by w and that can be solved explicitly. We demonstrate that, up to a transformation of variables, nothing can be gained beyond a known transformation from [5] .
In section 3 we expand our framework to polynomial coefficients a., ft., %, 6.. The weight function w must again obey a linear ordinary differential equation, which we solve explicitly in terms of a generalized hypergeometric function.
Finally, in section 4 we return to the representation (1.5), in order to derive an alternative form of the transformation and of the underlying biorthogonal polynomial. Let k=0 We prove that n p,(x; ul, u2,... ,u,) = ~ Fk[00, 01, 9 9 9 0k]x k, k=0 where qk = ~(--O~k//3k), k = 0, 1,...,n, and Fo,Fl,... are a generalization of the familiar divided differences.
Linear M6bius quotient functions
Let us suppose that the moment sequence of the weight function w obeys (1.4) with a, = ao -nal, 13, = bo -nbl, "y, = co -ncl, 6, = do -ndl, n E Z +.
We further assume that w(-, #) 6 C 1 [0, oo) and that w(0, ~z) -0 -the last assumption does not lead to severe loss of generality, since it can be always forced by shifting x ~ x + e for some e > 0, smoothly continuing w for x E [0, e) so that it vanishes at the origin and ultimately driving e to zero. We say that w is a linear MQF. 2 We rewrite (1.4) 
(2.5)
We finally substitute the explicit values of w0 and Wl from (2.3), and this yields a linear ordinary differential equation for w,
This can be solved and, in tandem with the initial condition w(0, ]A) -0, results in a unique value of w. am + bin# J (2.11) is the It is interesting to point out that, as well as being consistent with the stipulated form of w, this case fits (subject to a trivial change of variable in #) into the framework of example E from [4] , namely the instance when aJ(x, #)dx = d~b(x/#), in which case ~,(#) = c,#", n C Z +, where c, is the nth moment of d~b. The explicit form (2.10) is also recovered when bt --0 and b0 r 0. Since b0 r 0 (2.8) yields dt =0 (2.9) gives c~ =doat/bo and, finally (2.7) implies that Co = (ao-al)do/bo. Hence n= do/bo. Finally, b0 = bl = 0 can be similarly reduced to example E from [4] .
The function v(#) being strictly monotone, we deduce strict sign consistency ofw from strict sign consistency of the function x ~' [12, 13] . Moreover, This, however, can be converted, by a change of variable, to the Jacobi transformation with a = 0 [5] , which can be rendered in the form 9-(X)n+l kZ~=O k "71-XJ = k~=O fkxk"
The case Poal ~ PltrO can be resolved explicitly by similar techniques.
Polynomial M6bius quotient functions
The approach of the last section can be generalized to cater for a more extensive family of MQFs. Thus, suppose that the coefficients can be expanded in the form where 00, 0~,... are chosen so as to ensure infinite differentiability at x = e,3 and letting E ~ 0 by the end of the procedure. The situation is simplified if -as is the case further in this section -it is assumed that a, b, c and d are polynomials, since then it is enough to insist that w(., #) E Cr[0, ~) and that (3.1) holds for / = 0, 1,...,s-1, where s =max{dega, degb, degc, degd}.
We again multiply (2. a generalized hypergeometric function [14] . Of course, we need 0 >~ s, otherwise the requisite number of derivatives at the origin fails to vanish -note that we need only l = 0, 1,... ,s -1 in (3.1).
The last result can be somewhat generalized by observing that the degree of either P or Q may be strictly less than s and repeating our analysis without any significant changes. 
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A. 1series, S.P. Narsett / Biorthogonal polynomials Needless to say, not every s, Fs2-1 function will do in (3.9), since we require w(x, I~) >I 0 for all x E [0, c~), #_ </~ < #+. Even more restrictive requirement is that (l,...,(st,r]l, ...,r]s2-1, which are functions of #, are chosen consistently with P and Q being polynomials in/z of requisite degrees. Moreover, the more interesting case is when, in addition, w is SSC.
As an illustration of our technique, we consider in detail the case when quotient (1.4) is linear in/z, i.e. % = 1,6, = 0, and assume in addition that s = 2. Therefore o~,=ao-aln+a2n(n-1), ~,=bo-bln+b2n(n-1), Recall that a modified Besselfunction can be represented in the form [14] Let us assume that/~_, a2, b2 >i 0. Then, dispensing with a multiplicative factor, we have ~(x,.) = xl/2-2"/'~h0+..,/.2_l ~ As long as 0 is real and t> 1 we are assured that the initial conditions are satisfied and that w(x, #) >i 0 for all x/> 0. Let us consider the special choice ao=az=bo=b2=0, a2>0, bit ~0.
In other words, an = a2n(n -1) and ~n = -bin for n E Z +. Letting A = -bllZ/a2, 
An inversion formula for a biorthogonal representation
The main result underpinning the transformation (1.5) is lemma 5 of [5] , namely that, as long as 
Lemma 2
Letting rj = ,)l,l = 0, 1,... ,n, we have ft = Ft[qo, ql,... ,`)t],l = O, 1,... ,n.
Proof
By induction on l. The statement is certainly true for l = 0 and we assume it for l -1. Therefore, it follows from (4.5) that k=O Proof Follows at once from the lemma, since the above definition of {qt}7=0 is consistent with qt = 0(Al).
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